The important parameter µ 2 G of the heavy quark expansion is analyzed including perturbative and power corrections. It is found that µ 2 G (2 GeV) is known with a few percent accuracy. The perturbative corrections are computed and found small. A nonperturbative relation is suggested which allows to control the power corrections. We conclude that µ 2 G (1 GeV) = (0.35±0.04) GeV 2 . The importance of calculating the higher-order terms in the effective "magnetic-dipole" radiation coupling α (M 1) s (ω) is emphasized, to improve reliability of a perturbative evolution of µ 2 G towards the low momentum scale. On the nonperturbative side, we advocate the utility of combining the heavy quark expansion with expanding around the "BPS"-type approximation for the meson wavefunction, which implies relations µ 
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G (2 GeV) is known with a few percent accuracy. The perturbative corrections are computed and found small. A nonperturbative relation is suggested which allows to control the power corrections. We conclude that µ 2 G (1 GeV) = (0.35±0.04) GeV 2 . The importance of calculating the higher-order terms in the effective "magnetic-dipole" radiation coupling α (M 1) s (ω) is emphasized, to improve reliability of a perturbative evolution of µ The heavy quark expansion allows to quantify the effects of nonperturbative physics in beauty decays, often in a model-independent way starting from the first principles of QCD. The most informative predictions are obtained for observables where the Operator Product Expansion (OPE) applies, like the inclusive decay widths. The leading nonperturbative effects are described by the two heavy quark expectation values µ terms of the zero-recoil matrix elements of the momentum operators π j =QiD j Q:
Since [D j , D l ] = −ig s G jl = iǫ jlk g s B k holds, the sum rule (1) is transparent [2] : Q π 2 Q = k π k π k , andQg s B l Q = iǫ ljk π j π k . In QED the integral in Eq. (1) converges and defines the magnetic field strength e B em (0) at the position of the static center. The magnetic spin interaction of an elementary heavy fermion is given precisely by this expectation value times the Dirac anomalous moment, e B em σ 1 2m 1 + α 2π + ... . In a non-Abelian theory like QCD the integral diverges in the ultraviolet, and the expectation value of g s B chr (0) depends on the normalization point. Let us note that the adopted definition of the operator corresponds to the usual scheme with the two covariant derivatives taken at different points and connected by the P -exponent. The displacement lies on the (Euclidean) time axis and its magnitude is governed by 1/µ. More precisely,
The heavy quark Hamiltonian has the well known form
To compute perturbatively the Wilson coefficient c G (µ) we therefore can consider the zero-velocity heavy quark transition amplitude T ij (ω) mediated by the currents QiD i Q andQiD j Q, Fig. 1 (the corresponding OPE formalism is discussed in detail, e.g. in Ref. [3] ). To select the matrix element of the chromomagnetic operator we evaluate it on a heavy quark state including scattering of an additional (transverse) gluon, and look for the component antisymmetric in i, j. This appears in the linear in the gluon momentum q approximation. For simplicity, we take q 0 = 0, and assume the initial quark is at rest. We also do not show explicitly the heavy quark spin indices (as if Q is a scalar). The tree level O(α 0 s ) expression is obvious:
where l and c are the gluon polarization and color indices, respectively. The tree gluon QCD vertex is g sψQ γ µ λ c 2
To account for the strong interaction corrections we compute T ij (ω) perturbatively assuming −ω ≫ Λ QCD . The same corrections are computed for theQQg vertex in QCD projected onto the magnetic spin structure. The vertex yields the one-gluon matrix element of the effective heavy quark Lagrangian. The difference between the two determines the coefficient c G . It is ultraviolet (UV) finite, as well as infrared (IR) finite even at q → 0. The latter limit significantly simplifies computations allowing for directly expanding the Feynman integrands over q. The resulting integrals are saturated in the domain of momenta between ω and m Q . The diagrams one has to compute in the static theory are shown in Figs. 2. Figure 2 : Examples of one-loop diagrams for the one-gluon matrix element of T ij (ω).
The remaining diagrams vanish for the chosen kinematics, or upon antisymmetrization over i, j. The gluon wavefunction renormalization is omitted.
The individual diagrams, however, can be ultraviolet and infrared divergent. Since the whole integral for c G is well behaved, one can use any regularization in the infrared and the ultraviolet for computing separate diagrams; the only requirement is that it must be consistently the same. For example, one can compute c G in dimension D = 4 + 2ǫ; then at ǫ > 0 there are no IR singularity and the limit q → 0 is straightforward.
1 On the other hand the point ǫ = 0 is regular for c G . However, since there are separate diagrams which diverge both in the UV and IR, dimensional regularization is not advantageous. Instead, we cut the integrals in the UV at k 2 = Λ 2 , and introduce the IR mass regulator in the gluon propagator δµν k 2 −λ 2 . The latter allows us to use the limit q 2 → 0 even at D = 4. Cancellation of the terms dependent on λ 2 and Λ 2 provides a useful cross-check. The computation of the one-loop matrix element of T ij −T ji in the effective static theory results in the Feynman gauge in
The QCD vertex takes the form
where C F = 4/3 and C A = N c . We have omitted from both expressions the diagrams renormalizing the external gluon propagator, since they are the same in both cases. For magnetic structure the difference in the Abelian part amounts, as expected, to the Schwinger anomalous term C F αs 2π
. The non-Abelian difference is just
We note, however, that with the non-Abelian interaction the two theories would have different running strong coupling g s (k 2 ) below m Q if the bare coupling g
s and the UV cutoff Λ are taken the same. This is seen by evaluating the "charge" gluon vertex Γ 0 in the static theory. The difference originates from the part of the 'Abelian' vertex correction proportional to C A which is not canceled by the renormalization of the quark wavefunction -it yields pure ln Λ 2 λ 2 . (The 'non-Abelian' vertex is absent from the charge interaction.) The total correction to the γ µ structure in the vertex in QCD does not depend on the quark mass, Eq. (6) as it should be to respect gauge invariance. However, this holds only provided the UV cutoff is infinitely larger than all other mass scales. The renormalization of the static quark interaction differs by a constant since here the UV cutoff is much lower than m Q . This means that the static quark gauge interaction requires a different counterterm. Alternatively, it can be expressed by saying that for static quarks Λ stat must be taken different from Λ in full QCD. As follows from Eq. (6), at one loop one has Λ stat = Λ/e 2 in the C A term, and Im T ij (ω). The literal expression (5) is not valid at |ω| ∼ < | q | even in perturbation theory. However, the perturbative T (ω) has the proper analytic properties to any order. We then can represent the sum in Eq. (1) as an integral over the contours in the complex ω plane stretched away from small ω, see Fig. 3 where the perturbative matrix element is given by Eq. (5). The integral is simple:
We thus get the final result The integral of Im T (ω) can be taken over the circle |ω| = µ.
It is convenient to absorb the constant term 2C A in the non-Abelian part into the argument of the logarithm, it i.e. use ln C F depends on the normalization convention used for the heavy quark mass. The standard Schwinger coefficient in Eq. (8) refers to the pole mass, a choice disfavored in QCD. Using instead the running 'kinetic' mass m Q (μ) [4, 5] we find that for the chromomagnetic term in Hamiltonian (3)
Alternatively, using the MS mass this expression becomes
however, the MS mass of a heavy quark loses physical significance at the normalization scales below m Q [2] .
Power corrections
The perturbative relation 
The expectation values of the convection current (or spin-orbital) operator ρ
B| σ· E × π|B would vanish to the extent that B could be described as purely a two-body system like in nonrelativistic approximation. We know, however, that in actual QCD the heavy quark bound state is rather relativistic. This is quantified by the difference between the transition amplitudes τ 3/2 and τ 1/2 and between the masses of the 3 2 and 1 2 P -wave states, which are the same in nonrelativistic systems [7] . In particular, for the first three moments we have
with Λ ≃ 700 MeV and Σ ≃ 250 MeV. The normalization scale dependent ̺ 2 , Λ, µ 2 π and µ
2
G are taken at the scale around 1 GeV. The magnitude of ρ 3 LS can then be estimated using the next spin sum rule [2] :
where µ hadr ≈ 500 MeV is a characteristic mass scale for the P -wave excitations. The nonlocal correlators are saturated by the transitions into the j P = A "radial" excitations; they are largely unknown. We can estimate the necessary combination of the above spin-triplet D = 3 parameters employing the empirical observation that the mass-square splitting between vector and pseudoscalar mesons is nearly a constant:
which extends even to strange charmed mesons. (A 12% decrease for B fits well the expected perturbative renormalization.) It is related to the universal slope of the corresponding Regge trajectories, a yet poorly understood nonperturbative phenomenon of strong dynamics, perhaps related to a certain simplification in the large N c limit. This universality must be definitely violated for very heavy quarks due to hard gluons with momentum scaling with m Q . Rather, it can be viewed as an inherent property of soft nonperturbative interactions responsible for physics around 1 GeV scale.
The universality implies the relation
where we have used Λ ≃ M B −m b ≃ 700 MeV. The above nonperturbative parameters are normalized at the scale around 1 GeV. With the estimate (16) we are led to an evaluation
The scale of these correlators lies in the expected range if one bears in mind the magnitude of other parameters Λ, µ 2 π , µ 2 G all being given by a mass 600 to 700 MeV to the corresponding power, though possibly on the upper side.
The sign of ρ 3 πG and ρ
3
A is not known a priori. We note, however, that the so far observed nonperturbative phenomena in the heavy mesons fit well the approximation that the ground state B has nearly the "lowest Landau level" wavefunction, or is the BPS-saturated state. For instance, µ 
Numerical estimates
Applying equations (9), (12) and (18) we arrive at the evaluation
where the value of m b (1 GeV) = (4.57 ± 0.05) GeV was used and its evolution to the scale 1.5 GeV ≃ m b /3 can be safely done using
the effective dipole radiation strong coupling α
is known to two loops [5] . The uncertainty in the mass affects µ 2 G here only at a percent level. Likewise, the perturbative effects are included up to the second loop; their uncertainty can hardly be significant.
The possibly largest uncertainty comes from the precise value of the D = 6 operators. To remain on the safe side we allow for an additional factor 0.6 to 1.5 in Eq. (18). Then we arrive at
Discussion and conclusions
The presented analysis allows us to determine the consistently defined chromomagnetic value µ 2 G normalized at the scale around 2 GeV with minimal theoretical uncertainty. We conclude that the value µ 2 G (1 GeV) ≃ 0.4 GeV 2 we have used so far was reasonably accurate, yet probably about 10% larger than it is in reality. In principle, as low a value as 0.30 GeV 2 cannot be rigorously excluded at present. The uncertainty in the perturbative effects can be further decreased carrying out the same program to two loops, in particular, computing the effective M1-coupling in Eq. (25) to order α 2 s . A complementary information on the D = 3 nonperturbative parameters in the hadron mass expansion would be helpful to get more confidence in the evaluation of the power corrections and to shrink the error bars down to a few percent level.
The precise expectation value of the kinetic operator µ 2 π is quite critical in a number of applications. Heavy quark sum rules ensure that the inequality µ Moreover, using the spin sum rules [7] one has µ
2 ·(̺ 2 (µ)−0.75) with 0.5 GeV ∼ <ε < µ, and we expectε ≈ 0.5 GeV for the usual choice of µ = 1 GeV. (One should keep in mind that the value of the kinetic energy of actual b quark in B meson can be reduced due to often discarded, but probably noticeable 1/m b effects [8, 9] . ) We anticipate that combining the heavy quark expansion with approximation assuming µ
G manifesting the proximity to the "BPS" regime for the ground state, can be useful in guiding us through understanding pattern, or even physics of higher-order power corrections in B and D mesons. Expanding around this approximation provides a new and effective nonperturbative parameter small enough to isolate a number of potentially large power corrections. For example, the usual spin-averaged heavy meson mass expansion replaced by
is possibly more stable in respect to higher orders being governed by the suppressed higher-dimension expectation values scaling like powers of µ 2 π −µ 2 G . As has been pointed out [10] , the uncertainty in the precise value of m b −m c is currently the main limiting factor in extracting |V cb |. The validity of the approximation can be experimentally cross checked by carefully analyzing the semileptonic b → c transitions into excited states, in particular to the formfactor F (0) , but their structure simplifies:
with χ µ 2 G given by a sum of two other positive nonlocal correlatorsρ
similar to ρ 3 ππ and ρ 3 S (see Eqs. (28) of Ref. [6] ), but containing the extra factor of i|x 0 | in the integrand, or 1/(E n − E 0 ) in the language of perturbation theory in quantum mechanics. We expect the approximationρ + radial excitation of the ground state. Taken literally this would suggest χ to be quite large, around 2. The limit µ 2 π −µ 2 G = 0 means that the heavy quark wavefunction minimizes the momentum square operator in a given chromomagnetic field. This happens for the lowest Landau level which is an example of a "BPS-saturated" state. It is worth noting that the newer relativistic quark models of heavy hadrons [11] properly implementing Lorentz transformations yield a good approximation to this limit. Complementary to this, the Block & Shifman QCD sum rule analysis of the IW function [12] strongly supports this by virtue of the spin sum rules. In usual quantum mechanical systems of electrons the BPS saturation is realized applying strong magnetic field. 3 In mesons the chromomagnetic field is a priori of the same order Λ 2 QCD as the chromoelectric field, and is far from classical. In B mesons the approximate BPS saturation would rather be dictated by a very special internal structure of the light cloud, leading to the strong correlation between the spin and momentum operator. Such a correlation vanishes in a nonrelativistic system, and can be realized only in a deeply relativistic regime. It does not look probable that such a property, if confirmed experimentally, is pure accidental. Perhaps, it is related to a certain large parameter, like the number of space dimensions or the number of colors. It is intriguing to study such possible connections.
Our analysis of µ 2 G incorporating powerful constraints from a series of the heavy quark sum rules gives an indication that the higher-dimension expectation values are quite significant and probably lie at the higher end of the existing estimates. Likewise, the pattern of the excited heavy quark states seems to be at some variance with the routinely employed assumptions inherited from obsolete models. There are fresh ideas of how to improve the knowledge in less vulnerable ways. These will be addressed in forthcoming publications.
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